We introduce a continuous analytical model of propagation of resistance in pressure-driven flow of twophase fluid in a single channel. This model can be used to predict and interpret experimental results in droplet microfluidics where the hydrodynamic resistance of a capillary comprises a constant part, specific to the channel and the viscosity of the continuous fluid, and a variable part, related to the presence and distribution of droplets. The continuous model is a convenient generalization of the discrete models as demonstrated via comparisons with discrete simulations and with experiments.
I. INTRODUCTION
The analogy between electrical and hydraulic current holds for Stokes flow of homogenous fluids and is convenient in engineering microfluidic devices ͓1͔. The presence of inhomogeneities in the fluid ͑e.g., bubbles or droplets͒ modifies the pressure field and changes the distribution of flow through networks in a complicated and time-dependent way. Droplets traveling in capillaries increase their hydraulic resistance. This leads to interesting behaviors in microfluidic networks: intricate sequences of trajectories ͓2,3͔ and degenerate cyclic states ͓4͔. These effects suffice to construct fluidic logic gates ͓5͔ or encrypting and decrypting schemes ͓6͔ and hold potential for automated systems for chemical reactions in droplets ͓7͔. The flow of discrete charges of resistance in networks was studied experimentally ͓2,5,8,9͔ and numerically ͓2-4,9,10͔. These reports characterized the behaviors yet analytical models and systematic understanding remain elusive. One source of difficulty lies in the necessity to account for flow of a large number of discrete charges.
In order to simplify the dynamics it is natural to replace discrete charges with a continuous wave of resistive medium. Such a continuization has been made in hemodynamics for the purpose of modeling microvascular blood flow: instead of discrete red ͑and other͒ blood cells, their fraction in blood ͑so-called hematocrit͒ is presented as a continuous function h͑t , x͒ of time t and position x along the blood vessel. On the base of previous works, Geddes and co-workers ͓11,12͔ showed that the evolution of h͑t , x͒ ͑and consequently the evolution of pressures and flows within the network͒ is given by a system of delayed differential equations with variable delays; these delays are estimated from separate integral equations for h͑t , x͒. This model was used for simulations of blood flow in the microvascular networks; the authors demonstrated the onset of spontaneous oscillations of hematocrit in some network topologies and performed analytical studies based on linearization of the governing equations around the equilibrium state.
Here, we present alternative formulation of this continuous model of flow of resistance through a single capillary.
Instead of integral equations for delays, the time scale introduced by the motion of resistance through the capillary becomes one of the dynamical variables of the model; the second one is the total hydraulic resistance. The architecture of the model and its solutions yield insight into the dynamics of the basic module of any network-a capillary. We test the model against experiment and point to problems that could benefit from the formulation that we propose.
II. MODEL
Pressure-driven flow of a simple fluid in a capillary at small Reynolds numbers follows an equation analogous to Ohm's law: Q = p / R, where Q is the volumetric rate of flow, p is the pressure drop along the capillary, and R is the hydraulic resistance. For networks of microchannels analog of Kirchhoff's laws details partitioning of flow between the branches. Insertion of an inhomogeneity ͑e.g., a droplet͒ into the fluid, even if it does not invalidate Ohm's law ͑it does not introduce dependence of R on Q͒, introduces a time scale T of motion of this intrusion via the network. If the objects ͑from now on droplets͒ modify the local pressure gradient, the total hydraulic resistance of the channel measured as R = p / Q becomes dependent on the number and location of droplets and-due to their motion-also on time. For identical droplets carrying surplus resistance r that does not depend on Q, the resistance of a channel containing n droplets is R = R 0 + nr ͑where R 0 is the resistance of the channel conducting solely the continuous liquid͒ ͓3,4͔. For a HagenPoiseuille flow in the channel of length L and cross-sectional area A filled with liquid of viscosity we have R 0 = ␣L / A 2 , where ␣ is a nondimensional form factor that depends on the geometry of the cross section of the channel ͓13͔. The speed of a droplet is V = ␤Q / A, where ␤ represents the ratio of V to the superficial speed ͑Q / A͒ of the continuous liquid. ␤ = 1 corresponds to droplets acting as tight pistons. The exact value of ␤ can depend on the volume of the droplet ͓14͔, on the scale of the channel ͓9,15͔, and on, e.g., the presence and concentration of surfactant ͓8͔. In general both ␤ and r may depend on Q; however, as long as droplets fill the cross section of the channel and both Reynolds and capillary numbers are small, the dependence on Q is weak ͓16͔. We fix ␤ = 1 because the exact value of ␤-provided it is constant-only sets the gauge for time without alteration of the trajectories of droplets ͓4͔.
If droplets enter the capillary at frequency f, the stationary state of n evenly spaced droplets reads ͓4͔
For arbitrary f Eq. ͑1͒ yields a noninteger average value of n͑t͒ ͓4͔. When f → f ϱ , the number of droplets in the capillary diverges to infinity. f ϱ is physical only for point charges: for droplets the states f → f ϱ are unavailable due to the finite size of the droplets and other violations of the assumptions of the model. Here, we use f ϱ only to nondimensionalize f. In the continuous model we replace the quanta of resistance with a continuous and incompressible linear density of resistance ͑x͒ that propagates through the channel at a speed V. The momentary total hydrodynamic resistance of the channel reads
The two models can be linked via the input flux of resistance J, which enables the calculation of ͑0,t͒ = J͑t͒ / V͑t͒ and is defined for the discrete model as J = fr. In analogy to the discrete model, we define the critical flux as J ϱ = ␤p / ͑AL͒. In order to construct the continuous model of propagation of ͑x , t͒, we choose R͑t͒ as the independent dynamic variable and J͑t͒, p͑t͒ as external stimuli. As it is derived in Appendix A, the governing equations read
Formally, these two equations form a system of delay differential equations ͓17͔ with variable delay. The delay T can be seen as the interval during which a droplet ͑in the discrete model͒ or an imagined tracer ͓positioned on ͑x͒ in the continuous model͔ traveled from the inlet to the outlet of the capillary to exit it at instant t. Importantly, T depends on the content of the capillary and may vary in time. Thus, T͑t͒ it is the second dynamical variable evolving together with R͑t͒. Because the dynamics of the system depends on its history, finding a unique solution of R͑t͒ and T͑t͒ for given J͑t͒ and p͑t͒, for t Ͼ 0, requires the input of the initial value of T͑t =0͒ and of the history of R͑t͒ for t ͓−T͑0͒ ;0͔. Interestingly, the evolution given by Eqs. ͑3͒ and ͑4͒ does not explicitly distinguish R 0 as the constant part of R. There is also no explicit reference to ͑x , t͒. All the information about R 0 is hidden in the initial conditions, whereas ͑x , t͒ is implicitly connected to the history of R͑t͒, p͑t͒, and J͑t͒. For example, if we wish to examine the evolution of a system that initially ͑at t =0͒ does not contain any additional resistance ͓͑x , t =0͒ =0͔, with p = const, and the flux of resistance stepping from J͑t Ͻ 0͒ =0 to J͑t Ն 0͒ = J, we must set T͑0͒ = T 0 and fill the history of R͑t ͓−T 0 ;0͔͒ = R 0 . T 0 is simply the time of travel of a tracer positioned in the continuous fluid, without any additional resistance in the channel. If J = 0, the system remains in this "empty" state with R = R 0 and T = T 0 , whereas for J Ͼ 0 the evolution leads to another stationary state with R͑t͒ → R stat and T͑t͒ → T stat . It can be shown that
Thus, for a fixed pressure the ratio of resistance to delay in a stationary state does not depend on J; there is
Equations ͑3͒ and ͑4͒ describe the dynamics of the system not only in stationary conditions, i.e., for any set of p͑t͒ and J͑t͒. In such a general case Eqs. ͑3͒ and ͑4͒ can be easily solved numerically ͓17͔. For known-either previously computed or initially assumed-values of R͑t i ͒, intermediate values of R͑t͒ for t ͑t i , ... ,t i+1 ͒ can be found by interpolation ͑e.g., cubic spline͒ and then used to evaluate the right-hand sides of Eqs. ͑3͒ and ͑4͒. Then Eq. ͑3͒ may be integrated as an ordinary differential equation using Runge-Kutta schemes ͑or even the simple Euler method͒ and Eq. ͑4͒ by a simple numerical integration.
III. THEORETICAL RESULTS
In a number of cases the model can be solved ͑or closely approximated͒ analytically. In particular, when p is constant, analytical solutions describe the first stage of "filling up" the channel ͓after J͑t͒ steps from zero to a constant J͔ or "emptying out" from a stationary state to an empty channel ͓upon J͑t Յ 0͒ = J stepping to J͑t Ͼ 0͒ =0 at t =0͔. We show these solutions in nondimensional notation of resistance R = R / R 0 , delay T = T / T 0 , time = t / T 0 , and flux of resistance = J / J ϱ . This scheme of nondimensionalization is valid only for p = const since both T 0 and J ϱ are functions of p. Equation  ͑5͒ gives the stationary values of R and T both equal to ͑1−͒ −1 . The solutions read Filling up ͑the flux steps from zero to at =0͒:
valid for ͓0:͕exp͑͒ −1͖ / ͔. Emptying ͑the flux steps from to zero at =0͒:
valid for ͓0:͑2−͒ / ͑2−2͔͒. Figure 1 compares numerical and analytical solutions for = 0.5. The validity of the analytical solutions is limited to the intervals of time, during which the initial front of the wave of resistance travels from the inlet to the outlet of the channel, i.e., the intervals marked in Fig. 1 by A-B ͑or A-b͒, for filling up, and C-D ͑or C-d͒, for emptying the channel. In the "discrete" analogy instant A corresponds to entering the first droplet into the channel; instant B is the instant when the same droplet arrives at the outlet. Similarly, for emptying the channel, instant C is the instant when the last droplet enters and instant D is when it quits the channel. These time ranges satisfy the equation T͑t͒ = t ͑or T = ͒-note the equality of both coordinates of points a and d in Fig. 1 .
The solutions ͓Eqs. ͑6͒-͑8͔͒ and the data presented in Fig.  2 demonstrate the impact of the value of on the dynamics of the system in response to step changes of flux: 0 → and → 0. As increases, the approach to the stationary state becomes slower due to a substantial retardation of flow. The last stage of the approach to the stationary state exhibits exponential asymptotics and the exponent increases with . For Ն 1 there is no stationary state: both resistance and delay diverge to infinity.
The solutions of the continuous model can be used to recover the solutions of the original discrete model. Figure 3 shows a comparison for quanta of resistance ͑r͒ as large as 0.2R 0 .
IV. EXPERIMENTAL RESULTS
The model is also useful for the interpretation of experimental results. In the experiment we used a microfluidic chip ͑Fig. 4͒ comprising a flow-focusing junction for generation of droplets and a long ͑L = 2281 mm͒ channel of a nominally constant cross section of 330ϫ 330 m 2 . We milled ͑MFG4025 CNC mill, Ergwind, Poland͒ the channels in polycarbonate ͑Makrolon, Bayer, Germany͒ and bonded them ͓18͔. We examined the cross section of the channel by direct optical observation, calibration of rate of flow as a function of applied pressure, and monitoring the speed of propagation of a front of liquid filling the channel at a fixed rate of flow ͓19͔. These measurements verify that the height of the channel varied within less than 8% of its mean value. The channel had the form of a double spiral, so that there were no sharp corners or bends. We formed aqueous droplets ͑38% water, 38% glycerol, and 24% Parker Quink ink by weight͒ in a continuous organic phase ͑a 2% w/w solution of Span 80 in hexadecane͒ with an external drop-on-demand ͑DOD͒ valve ͓20͔. For the oil phase we used two types of boundary conditions: constant pressure ͑p = const, as in the simulations; Figs. 1-3͒ and a constant ͓19͔ rate of flow ͑Q = const͒. For both experiments we estimated the orders of magnitude of dimensionless quantities describing the flow: Reynolds number, Reϳ 0.5, and capillary number, Ca ϳ 0.005. Figure 5͑I͒ shows the results of experiments for Q = const. The experiment began with an empty channel ͑filled solely with the organic phase flowing at a rate Q oil ͒. At t = 0 we started to generate 0.1 l droplets at a constant frequency of f = 2 Hz. At t = 588 s we stopped the formation of droplets and continued to pump the oil at a constant rate of Q oil = 0.6 mm 3 / s. The use of a syringe pump ͑Harvard Apparatus PHD2000͒ to pump the oil introduced small fluctua- . ͑Color online͒ Schematic of the experimental system ͑left͒ and its most important parts in action ͑right͒: oil phase inlet ͑A͒, aqueous phase inlet ͑B͒, cross-junction droplet generator ͑C͒, and outlet ͑D͒ of the channel which forms a double spiral ͑E͒. The photograph was taken when there where n = 1634 droplets in the channel ͑77 of them are on the photograph͒. tions of Q oil ; if it were truly constant, segments B-C and C-D in Fig. 5͑I͒ would be straight lines. The undulations of measured n͑t͒ are due to instability of the momentary rate of flow from a syringe pump ͓19͔. The difference between the absolute values of the slopes of segments A-B ͑filling up͒ and C-D ͑emptying out͒ is material: at point C we stopped the formation of droplets, and the total rate of flow through the system decreased from Q oil + Q water to Q oil .
In the second experiment we used the boundary condition of p = const. We fed both phases from pressurized containers ͑both maintained at the same pressure͒, with the container for the aqueous ͑droplet͒ phase raised by ϳ20 cm to ensure a small pressure head to drive the droplet phase into the channel upon opening of the DOD valve. We kept the connections between the reservoirs and the inlet to the chip short and of small hydraulic resistance compared to the resistance R 0 of the outlet channel. Thus, when the droplet phase entered the cross junction, it flew mostly upstream into the inlet channels for oil ͑Fig. 4͒; and then, after the closure of the DOD valve, the oil slowly displaced the aqueous phase and pushed the droplet into the outlet channel. This construction reduced the increase in the momentary rate of flow through the outlet channel upon the formation of a droplet. We show results of this experiment in Figs. 5͑II͒ and 5͑III͒ together with the numerical results of the continuous model ͑see Appendix B for parameters͒.
In both cases the continuous model faithfully predicts the experimental observations. The only disagreement ͓barely visible in the zoom in Fig. 5͑III͔͒ is probably caused by neglecting the variation of ␤ with Q and by the inhomogeneity of the cross section of the channel.
V. SUMMARY
The derivation of the continuous model described in this paper was motivated by the interest in flow of droplets through microchannels and can be directly related to its discrete predecessors ͓3,4͔. We demonstrated the model, showed its analytical solutions, and verified its fidelity via a direct comparison to experiments. The amenability of the continuous model to analytical formulation makes it more convenient for the analysis, further development, and generalizations. In particular, it is possible to introduce a number of corrections, including the dependence of r on Q ͑non-Ohmic resistance of droplets͒ or the nonlinear relation between physical density of droplets and density of resistance ͑the extra resistance introduced by hydrodynamic interactions between droplets͒. The model may also be used as a module for the analysis of the flow of droplets in networks of channels.
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APPENDIX A: DERIVING THE MODEL
According to Eq. ͑2͒, the evolution of R is immediately related to the evolution of the density profile ͑x , t͒. Assuming that ␤ is constant yields the density profile traveling through the channel without dispersion, i.e., ͑x , t͒ = ͑x + ⌬x , t + ⌬t͒, where ⌬x = V⌬t for a constant speed V. Let us define in as ͑0͒, and out as ͑L͒ ͑see Fig. 6͒ . Then the temporal change of R is given by
The first term of the difference is equal to the input flux of resistance, J͑t͒. In order to assess the second term we note that for any instant ͑t͒ there exist an interval T͑t͒ such that 
FIG. 5. ͑Color online͒ Experimental ͑thick red/gray͒ vs modeled ͑thin black͒ number of droplets in the channel as a function of time for ͑I͒ constant flow rate and ͑II͒ and ͑III͒ constant pressure. Droplets are generated between moments A and C with frequency f ͑bottom plots͒. From A to B n increases linearly. At moment B the first droplet reaches the outlet. The system approaches the stationary state, but at moment C droplets are switched off. The last of remaining droplets goes out at D. Tangents at C and D ͓panel ͑III͔͒ show the increase in velocity due to the escape of droplets.
Drawing on the analogy to the flow of discrete droplets, T͑t͒ is the period during which a droplet that exits the channel at the instant t has traveled through the whole length L of the channel. Importantly, T͑t͒ varies in time and thus it is the second dynamical variable evolving together with R͑t͒. Figure 7 illustrates the meaning and the method of calculation of T͑t͒. In order to construct the governing equations, it is useful to define a function
which represents an abstract trajectory of a droplet ͑or rather of a tracer copropagating with ͒ that was localized at z =0 at t = 0 and flew with the speed V͑t͒ for t ͑−ϱ ;+ϱ͒. This trajectory is "abstract" because it describes the location of the tracers also for z Ͻ 0 and z Ͼ L, i.e., out of the physical bounds of the channel. Requirement of a constant distance between two points on the density profile may be formulated as follows ͑see Fig. 7͒ :
The evolution of T͑t͒ is then given by
From Ohms law and from the assumption that V = ␤Q / A, we get V as a function of R, i.e.,
V͑t͒ = ␤p͑t͒
Gathering Eqs. ͑A1͒, ͑A2͒, ͑A5͒, and ͑A6͒ we obtain an analytical formulation of the model, given by Eqs. ͑3͒ and ͑4͒.
APPENDIX B: RECONSTRUCTING THE EXPERIMENTAL DATA
In order to reproduce the experimental results by the continuous model, one needs the parameters R 0 , T 0 ͑or J ϱ ͒, and J. Here, we describe the practical method of estimating these parameters from the final experiment and some additional measurements.
Estimating R 0
Knowing the geometry of channels ͑width W, height H, and length L͒ and the viscosity of the continuous fluid , one can calculate R 0 from the theoretical equations for shapedependent Hagen-Poiseuille flow ͓13͔. This is, however, impractical: these equations are very sensitive to W and H, which are not precisely known due to the inaccuracy and systematic deviations introduced by milling and bonding of the chip. Moreover, the viscosity of the oil in the given temperature may be unknown, especially when the oil is not chemically pure. In our case the oil is "n-Hexadecane, 92+ %" by Alfa Aeser-the impurities are not listed, and we do not know how the viscosity of this particular oil ͑includ-ing 2% of Span 80͒ differs from pure hexadecane. For this reason we measured R 0 directly from the Ohm law, as the slope of the straight line fitted to the measurements of Q as a function of p ͑see Fig. 8͒ . The pressure was measured by the micromanometer HD2124.1 with probe TP705 ͑Delta Ohm͒, whereas the flow rate was estimated by weighting the outflowing oil on the analytical balance ͑Mettler Toledo͒ in a measured interval of time. From these measurements we obtained R 0 = 18.66 kPa s / mm 3 .
Length and cross section of the channel
The length of the channel was calculated by the program used for drawing the design of the channel for the CNC milling machine as L = 2281 mm. The width and height of the channel were specifically dependent on the milling process and possibly modified by thermochemical bonding of the slabs of polycarbonate. In order to calculate the average cross-section area A, we measured the volume of the channel
. ͑Color online͒ A density of resistance along the channel.
FIG. 7. ͑Color online͒ Understanding change in T͑t͒ when the volumetric trajectory is given by z͑t͒. T must be chosen such that the distance between two points on the trajectory is constant and equal to L. and divided the result by L. The volume was measured as the difference of weight of the chip with the main channel filled by isopropyl alcohol ͑IPA͒ and of the same chip with empty channel. The density of IPA as a function of temperature is well known; moreover, the fast evaporation of IPA enabled us to ensure that only the main channel was filled and not the additional inlet channels nor the outlet drain ͑we positioned the column of liquid so that it spanned the whole length of channel and waited until the content of the drain evaporates out͒. The result of this measurement was A = 0.1078 mm 2 . For consistency we calculated the theoretical value of R 0 on the base of assumption that the cross section is a square of side ͱ A Ϸ 0.328 mm and the viscosity of oil is =3ϫ 10 −3 Pa s. The result, given by the formula ␣L / A 2 with ␣ Ϸ 28.454 154 ͑calculated on the basis of ͓13͔͒, was 10% smaller than R 0 calculated in a previous section. The difference may be due to the inaccuracy of milling ͑non-square or nonconstant cross section of the channel͒, deformations from thermomechanical bonding, and partially from impurities of oil ͑including 2% admixture of Span 80͒.
Estimating ␤
The ratio ␤ of linear velocity of droplet V to the superficial speed Q / A was calculated from measurements of time of flight of a single droplet through the whole length of the channel, i.e., as V = L / ⌬t. In this case the additional resistance introduced by the single droplet was neglected ͑this additional resistance is smaller than 0.2% of R 0 ͒. We did not take into account the dependence of ␤ on the size of droplet ͑in fact the dependence was very weak for as large droplets as we used in the experiment described in the paper͒. The dependence of V ͑scaled by A͒ on p is shown in Fig. 8 . For any given p or Q the corresponding ␤ may be found as a ratio of the two plotted functions. In particular, for the experiment shown in Fig. 5͑II͒ , there is ␤ Ϸ 1.07 ͑or closer to 1 when the channel starts to be filled and the velocity slows down͒.
Calculating r, T 0 , J, and J ؕ
The additional resistance of droplet, r, is calculated from Eq. ͑1͒:
where n stat is the number of droplets in the channel in the stationary state. For the experiment shown in Fig. 5͑II͒ ͑just before point C͒ there is n stat Ϸ 461. T 0 may be found as LAR 0 / ͑␤p͒ and J ϱ as R 0 / T 0 .
Using the values mentioned in the previous sections and f = 0.8941 Hz, p = 13.65 kPa ͓as in the experiment from 
